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• Rohit is known for his work on several topics
– Automata
– Arithmetic
– Dynamic Logic
– Social Software etc
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Subset Space logic

• But there is a piece of work that although not 
as ambitious or groundbreaking or central still 
persists!

• Inspired at least 4 phd theses, 30+ journal 
articles, a book and 60+ conference articles

• It spanned more than two decades of research 
(since 1992) and is still remaining active
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SSL

• It is also very Parikhean
• Was one of the founders (along with Larry)
• Encompasses several of Rohits interests
• Simple but deep, a combination which 

describes the combination that Rohit always 
strives for
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Knowledge: a subset

• Suppose a policeman uses radar to determine 
that a car is going 51 mph in a 50 mile speed limit 
zone. 

• But if the accuracy of his radar is ±2 mph, then he 
does not know that the car is speeding. 

• The possible speed of the car lays in the interval 
(49,53), which is not entirely contained in the 
interval (50, ∞) which represents speeding.

• SUBSET: (49,53)
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Increasing knowledge: restricting subset

• If however, a more accurate radar with an 
accuracy of ±1 mph shows that the car is going 
51.5 mph, then he does know that the car is 
speeding. The second interval is (50.5,52.5); 
this is contained in (50, ∞).
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Language

• A bimodal logic with two modalities 
– □ (Box) corresponding what is true when 

shrinking a subset by increasing effort/resources
– K corresponding to what is true in all points inside 

a subset

• Previous example
– First time: 
– Second time: 
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Two Examples
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Two Examples
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Expressivity

• i(A) is open iff the sentence A → ◊KA is valid in 
the model.

• i(A) is closed iff the sentence □LA → A
• r.e. subsets of the natural numbers will satisfy 

the same knowledge theoretic sentences that 
opens do in a topological setting

• set i(A) is dense iff the sentence □LA is valid
• it is nowhere dense if ◊L¬A is valid.

12/2/2016 11PARIKH 80



Original Moss Parikh System
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Results

• [Moss-Parikh 92] The basic axioms are 
strongly complete for subset space models.

• [Dabrowski-Moss-Parikh 96] The subset space 
logic is decidable (no finite model property)
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More axioms
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Results

• (Weiss-Parikh, 2002) The set space axioms 
plus the axiom (WD) and the axioms (Mn) are 
complete for directed spaces.

• (CI) is sound for complete intersection spaces. 
On the other hand, (CI) is not sound for 
intersection spaces
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Tree-like spaces

• Tree-like spaces: Given two subsets in a tree-
like space, they are either disjoint, or one is a 
subset of the other.
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Tree-like subset logic

• Subset space axioms +

• [KG 97] The axioms are complete for tree like 
spaces. The logic has the finite model property
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Extensions/Variants

• Topologic is based on two ideas
– Knowledge is dynamic in the sense that is 

depends on our current point of view. Indeed, a 
novel idea preceding DEL and others.

– Using subsets of a set to describe the view allow 
us to say things about their underlying structure

• Only the latter was explored locally (NYC) but 
the former was just as promising
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Bernhard Heinemann

• Working on the topic since approx 1995 until 
now

• He introduced a variety of results from 
covering complexity aspects of topologic to 
introducing hybrid variants

• First to explore systematically the “change’ 
portion of topologic

• 30+ published papers on the subject
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Linear Models 97

• A subset frame S is called linear, iff O is 
linearly ordered by inclusion

• Axioms:

• Results: completeness and decidability
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Finite Chains 98
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Subset Trees (aka Cantor) 98
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Ascending 99
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Temporal Decreasing 01

12/2/2016 25PARIKH 80



Temporal Decreasing 01
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Hybrid Logic 04

• Names for states i, names for subsets A
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Hybrid Logic 04
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Dynamic Logic 07
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More Recently by Bernhard

• Completeness with respect to Cantor spaces 
2009

• A bitopological characterization of subset 
spaces 2013

• “Correspondence theory” for the underlying 
bimodal logic 2012-13
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Work by Can Baskent

• Can wrote a book on Subset space logic
• And worked on two topics (starting in 2006):
• Multi agent extension
• Public announcements
• He was inspired by the popularity of DEL
• He inspired a new wave of research on subset 

space logic
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Public Announcements

• Subset Space Public Announcement Logic Yì N. 
Wáng, Thomas Ågotnes ICLA 2013

• Subset Space Logic with Arbitrary 
Announcements Philippe Balbiani, Hans van 
Ditmarsch, Andrey Kudinov ICLA 2013

• Course in NASSLI 2016 by Adam Bjorndahl
(CMU)
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The multi agent case

• First system by Baskent in 2007 (Masters 
thesis)

• Next proposal by Heinemann in 2008
• Multi agent Subset Space Logic by Wang and 

Agotnes (IJCAI 2013)
• Revisited by Heinemann in 2016 (LFCS 2016)

12/2/2016 PARIKH 80 33



BH meets me

• BH mentioned that the Dynamic Logic 
extension is not what he had in mind 
– Programs act on subsets 
– Not appropriate when a program changes not only 

the epistemic state but also the actual state

• In response, I modified the logic to address 
“real” change
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Updates vs. Revision

The difference lies in the source of incorrect beliefs

Belief revision assumes that the world is  unchanging: an 
agent’s change in belief occurs when that agent discovers 
something new about the static world or discovers an error in 
his beliefs about the static world. 

Belief updates involve a change in belief prompted by actions 
in a dynamic world. This process behaves differently than 
revision.
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Acting on all possible worlds

• In other words, the view changes not just 
shrinks

12/2/2016 36PARIKH 80



Language

• Be able to say that I do not know whether the 
red cube is on the table 

• Be able to say that after instructing the robot 
to place the red cube on the floor I know that 
it is on the floor

12/2/2016 37PARIKH 80



Semantics (single action)
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Logic for multiple actions
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Conditionals (contribution to Rohit’s
volume)

• We used subset logic to model update
• Can we use subset logic to model revision?
• The answer is affirmative
• In fact, subset logic is tailored for revision
• The main idea is to use conditionals to express 

revision
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Update conditionals

When one says

Had it rained, I would have brought an umbrella.

Means that in an alternative state of affairs 
something else would have been true
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Revision conditionals

When one says

If Oswald didn’t kill Kennedy, then someone else 
did.

Means that in an alternative state of affairs 
something else would be believed
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System-of-spheres to the rescue
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A temporal interpretation 
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Minimization is achieved using an epistemic version of until.
No need for fixpoints!



Axioms

Axioms of Linear Temporal Logic and S5
plus
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Results

• The set of axioms is complete with the 
semantics of the systems-of-spheres and it 
satisfies the finite model property, so it is 
decidable.

12/2/2016 PARIKH 80 46



The Ramsey test
• We will need to show that the conditional 

axiomatized corresponds indeed to revision
• Use Ramsey test

• Gardenfors has shown that this test is 
incompatible with AGM revision

• However, the following is true in our 
framework
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Correspondence with AGM
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SSL as DEL
• SSL is the humble man’s DEL
• Tries to do everything within the language within 

a single model just by changing the subset (aka 
view aka domain)

• Change of domains may capture change of 
models

• Rohit and Larry’s simple idea was surprisingly 
deep and ahead of its time

• Apologies to other work not mentioned in this 
short talk
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Happy Birthday Rohit!

• Best wishes for health, happiness and 
brilliance for many years ahead!
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